In this paper we establish a universality property of Fourier and Hankel convolution operators and Dunkl transforms.
INTRODUCTION
w x G. Herzog 10 has recently proved a universality property of solutions of w x the heat equation. Our objective in this paper, inspired by 10 , is to establish universality properties for some integral operators. Specifically, we consider Fourier and Hankel convolution operators and Dunkl transforms.
We recall that if X, Y are topological vector spaces and, for every n g N, S : X ª Y is a continuous linear mapping, it says that x g X is In particular if T is a linear and continuous mapping from X into itself, it says that x g X is hypercyclic for T when n Ä 4 Ž . The operator T is called hypercyclic universal if it has a hypercyclic vector. w x In 10 it was introduced that for every ␣ ) 0, the space E E consists of ␣ Ž . all the functions f g C R, R , the space of real continuous and real valued functions, such that lim e y␣ < x < f x s 0.
Ž .
xªϱ 5 5 On E E it defines the norm и by E E ␣ ␣ 5 5 y␣ < x < < < f s sup e f x , f g E E .
Ž .
E E ␣ ␣ xgR
Thus E E becomes a separable Banach space. 
Ä 4
␣ n is a residual set of E E ; that is, the set E E _ U is of first category in E E .
␣ ␣ ␣
In other words, Theorem A proves that the subset of the hypercyclic Ž . Ž . universal vectors in E E for the operator T with respect to C R, R is H R provided that the last integral exists. As it is well known, denoting by L ,
It is not hard to see that, for every n g N and ␣ ) 0,
, x g R. Ž . In this paper, we extend the result of G. Herzog Theorem A by investigating the width of the set of a hypercyclic vector for several kinds of convolution operators. In Section 2 we consider Hankel convolution w x Ž . operators 9, 12 . Fourier usual convolution operators will be studied in Section 3.
Finally in Section 4 we generalize the result of G. Herzog in a different sense. We obtain a version of Theorem A for an integral operator associated to solutions of the generalized heat equation
Ž where ⌬ represents the Dunkl generalized Laplacian see Section 4 for k .
w x definitions . Dunkl theory 19 plays a major role in the description of Calogero᎐Moser᎐Sutherland models of quantum many-body systems on the line.
We now introduce some function spaces that we will consider in the w . sequel. We say a real function h, that is defined on 0, ϱ , is in A A when w . h is positive, decreasing, and continuous on 0, ϱ and h satisfies the property
By W we will denote, in each suitable case, the sets 0, ϱ or R , with 5 5 n G 1. Also by и we will refer to the Euclidean norm in W.
Ž . 
Ž .
As usual, C W will denote the space of continuous functions on W when it is equipped with the topology of uniform convergence on the compact subsets of W.
Throughout this paper C will always represent a suitable positive constant that is not necessarily the same in each occurrence.
UNIVERSALITY AND HANKEL CONVOLUTION OPERATORS
In this section we study a universality property of Hankel convolution operators.
We now collect some definitions and properties that will be useful in the sequel.
By Proof. We are going to prove the property for n s 2. Then the proof can be finished by an inductive procedure.
We can write
x dx
w . Moreover, since h is a decreasing function on 0, ϱ , it follows
Also, one has
Now the I , j s 1, 2, are analyzed. We obtain
x w x Thus, according to 12, Theorem 2.b , it concludes that
0 and the proof is finished.
In the following we study the boundedness of the Hankel convolution operator T associated to g S . e
LEMMA 2.2. Let g S and h g A A . Then the Hankel con¨olution e operator T defined by
Hence, it follows 
Next, we establish the main result of this section. By I we will represent the function defined by
that is closely connected with the modified Bessel function of the first kind w x and order 22 . We will use the following key result due to K. Grossew x Erdmann 7 . 
Ž . i The set of uni¨ersal elements of S S is a residual subset of X.
ii The set of uni¨ersal elements of S S is a dense subset of X. If, in addition, the set
Ž . is a dense subset of X, then i and ii are equi¨alent to Ž .
iii The set of uni¨ersal elements of S S is not empty.
THEOREM 2.4. Let g S and h g A A .
Assume that hI is bounded on e w . Ž.
0, ϱ , and that the function H H is e¨en and holomorphic in a neighbor-
Then the set 
Indeed, if n g N and ␦ ) 0, we can write
y Ž . We now analyze I , j s 1, 2. Since the function z J z is bounded on 
We now introduce the space F constituted by all those functions f admitting a representation as
Ž . where a g c , the space of real sequences converging to zero.
On F it is considered the topology associated to the norm p defined h 
are homeomorphic. Indeed, we define the mapping
Hence, it has
Ž . Ž .
ϱ h n ngN Thus we prove that H H is continuous. m Ž . Ž . Also, we have that, for every n g N, ⌬ f 0 s a r⌫ q 1 , provided n that f g F and
Then, H H
y1 is continuous. Since c is a separable Banach space, F is also a separable Banach
On the other hand, since h x I x is bounded on 0, ϱ , lim
x h x x ªϱ s 0, for every k g N. Hence there exists x ) 0 such that
Thus it is established that lim
h x f x s 0.
x ªϱ
The space F , as it is not hard to see, is continuously contained in , h w . C 0, ϱ . Also, as a consequence of Weierstrass's approximation theorem, Žw .. we can show that F is a dense subspace of C 0, ϱ .
, h
Our next objective is to prove that
Ž . To establish 2.1 we first show that 2.1 holds when f is an even polynomial. Let f be an even polynomial. We write
Then, according to 12, 1 , p. 309 , it has, for every x, y g 0, ϱ , 
where, for every k g N and j s 0, .
Hence, the Leibniz rule and well-known properties of the Bessel functions lead to
ks0 js0
x, y g 0, ϱ .
Ž .
Then, we can write
x g 0, ϱ .
On the other hand, a straightforward manipulation allows us to conclude that
Ž . Thus 2.1 is established provided that f is an even polynomial.
We now see that the operators T and L are continuous from
Žw .. Moreover, since F is continuously contained in E 0, ϱ and since,
Ž . To see that 2.1 holds, for every f g F , it is sufficient to note that the , h set of even polynomials is dense in F . This density property follows
w . because h x I x is bounded on 0, ϱ .
It is clear that the operator ⌬ is continuous from F onto itself. Thus
, h the operator L also is continuous from F into itself. Also, by proceed-, h ing as above, we can see that, for every n g N,
Ker ⌬ contains the set of even polynomials. Hence
is residual of F and it is contained in U because F is a dense 
UNIVERSALITY AND FOURIER CONVOLUTION OPERATORS
In this section we establish a property of universality for Fourier convolution operators similar than the one proved in Theorem 2.4 for Hankel convolution operators.
Here, for every 1 F p F ϱ, by L we denote the usual Lebesgue space The corresponding universality property for the Fourier convolution operators is the following. This result can be proved by proceeding as in the proof of Theorem 2.4 and its proof is now omitted. 
Ž . If, for e¨ery n g N, the operator T is defined on E R by
and H s 1 satisfies the hypotheses of Theorem 3.1. 
UNIVERSALITY AND DUNKL TRANSFORMS
Dunkl operator are differential-difference operators on R n related to the finite reflection groups. These operators can be seen as generalizations of partial derivatives and they play a useful role in the algebraic description of Calogero᎐Moser᎐Sutherland models of quantum many-body systems on the line.
We now collect some essential definitions and properties from Dunkl theory that we will need in the sequel. References about this theory are w x 17, 18 . < < Assume that the root system R is normalized, i.e., that ␣ s 2 , ␣ g R. If R is a root system, the reflection , ␣ g R, generates a finite group W, 
where L represents the support of f.
Ž . Ž n . Hence lim T t f s 0, in the sence of convergence in C R . verges absolutely and uniformly in every compact subset of R n . We write F to refer to the space F when it is endowed with the topology associated h to the norm p defined by for every g N n . Moreover, since, for every k g N, the moment functions Ž . m are a basis of the homogeneous polynomial of degree k, F is < <sk h Ž n . continuously contained and dense in C R .
t⌬ k
Let t ) 0. The operators T t and e coincide on F . Since the set P P h Ž . Ž n . Thus we see that T t is bounded from F into C R . As it is not hard to see, the operator ⌬ is bounded from F onto F . 
